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Inference-Based Naı̈ve Bayes:
Turning Naı̈ve Bayes Cost-Sensitive
Xiao Fang
Abstract—A fundamental challenge for developing a cost-sensitive Naı̈ve Bayes method is how to effectively classify an instance
based on the cost-sensitive threshold computed under the assumption of knowing the instance’s true classification probabilities and
the highly biased estimations of these probabilities by the Naı̈ve Bayes method. To address this challenge, we develop a cost-sensitive
Naı̈ve Bayes method from a novel perspective of inferring the order relation (e.g., greater than or equal to, less than) between an
instance’s true classification probability of belonging to the class of interest and the cost-sensitive threshold. Our method learns and
infers the order relation from the training data and classifies the instance based on the inferred order relation. We empirically show that
our proposed method significantly outperforms major existing methods for turning Naı̈ve Bayes cost-sensitive through experiments
with UCI data sets and a real-world case study.
Index Terms—Cost-sensitive classification, Naı̈ve Bayes, classification
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INTRODUCTION

C

LASSIFICATION has significant impact on a wide variety
of important applications from marketing [27], [28] to
consumer credit scoring [21], and medical diagnosis [42].
Given its importance, a number of classification methods
have been developed, including decision tree induction
methods [2], [34], neural networks [30], support vector
machines [40], and Bayesian classification methods [9].
Among classification methods, the Naı̈ve Bayes method
has many attractive properties such as simplicity, low
time, and memory requirements [6]. Despite its simplicity,
the Naı̈ve Bayes method is comparable or even favorable
to more complicated classification methods in terms of the
classification accuracy [6], [14]. The method thus remains
popular for classification tasks over years [24], [35]. The
Naı̈ve Bayes method, like other classification methods,
aims at maximizing the classification accuracy, assuming
that all misclassifications are equally costly [43]. Nonetheless, the assumption is not true for many real-world
applications. Considering a direct marketing application,
the cost of not marketing to a potential buyer is normally
much higher than the cost of marketing to a nonbuyer. It
is therefore necessary to develop a cost-sensitive Naı̈ve
Bayes method with the objective of minimizing the
misclassification cost.
Threshold adjustment is generally a promising way of
transforming a classification method into cost-sensitive one
[10]. It adjusts the classification threshold used by an
accuracy-maximization classification method to a costsensitive threshold to turn the method cost-sensitive. For

. The author is with the Department of Operations and Information Systems,
David Eccles School of Business, University of Utah, 1655 East Campus
Center Drive, Salt Lake City, UT 84112-9301.
E-mail: xiao.fang@business.utah.edu.
Manuscript received 12 June 2011; revised 21 Nov. 2011; accepted 30 Aug.
2012; published online 3 Oct. 2012.
Recommended for acceptance by G. Karypis.
For information on obtaining reprints of this article, please send e-mail to:
tkde@computer.org, and reference IEEECS Log Number TKDE-2011-06-0347.
Digital Object Identifier no. 10.1109/TKDE.2012.196.
1041-4347/13/$31.00 ß 2013 IEEE

two-class classification, an optimal cost-sensitive threshold
that minimizes the expected misclassification cost can be
calculated using the Bayes decision rule, assuming that
true classification probability of an instance belonging to
each class is known [4], [9], [14]. Ideally, an instance is
optimally classified as one class if its true probability of
belonging to the class is greater than or equal to the optimal
cost-sensitive threshold; otherwise it is optimally classified
as the other class [10], [14]. However, true classification
probabilities are unknown in reality and they are substituted with their estimations when classifying an instance
[14]. Moreover, classification probabilities estimated by the
Naı̈ve Bayes method are highly biased [14]. That is,
probability estimation errors by the Naı̈ve Bayes method
(i.e., absolute differences between true and estimated
classification probabilities) are large. Therefore, a fundamental challenge for developing a cost-sensitive Naı̈ve
Bayes method is how to effectively classify an instance
based on the cost-sensitive threshold computed under
the assumption of knowing the instance’s true classification
probabilities and the highly biased estimations of these
probabilities by the Naı̈ve Bayes method.
To address this challenge, a straightforward solution is to
reduce probability estimation errors by the Naı̈ve Bayes
method. However, reducing probability estimation errors do
not necessarily lead to better classification performance and
often can make it worse because of different bias-variance
decomposition between probability estimation errors and
classification errors [14]. We observe that an instance can be
optimally classified as long as we know the order relation
(e.g., greater than or equal to, less than) between its true
classification probability of belonging to the class of interest
and the cost-sensitive threshold, while knowing this true
classification probability is not necessary. Hence, effective
cost-sensitive classifications could be realized by inferring
the order relation from the training data, rather than by
reducing probability estimation errors. We develop a costsensitive Naı̈ve Bayes method from this novel perspective.
Our method learns and infers the order relation between an
Published by the IEEE Computer Society
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instance’s true classification probability of belonging to the
class of interest and the cost-sensitive threshold from the
training data and classifies the instance based on the inferred
order relation. In particular, our method infers the order
relation based on the oversmoothing nature of the Naı̈ve
Bayes method [14], according to which classification probabilities estimated by the Naı̈ve Bayes method tend to be
shrunk toward the mean output value of the training data
[14]. This study makes the following contributions. First, we
propose how to infer the order relation from relevant order
relations learned from the training data. Second, we develop
a cost-sensitive Naı̈ve Bayes method based on the inference
of the order relation. Third, we empirically show that our
proposed cost-sensitive Naı̈ve Bayes method significantly
outperforms major existing methods for turning Naı̈ve
Bayes cost-sensitive.
The rest of the paper is organized as follows. We review
related work in Section 2. We propose a cost-sensitive Naı̈ve
Bayes method in Section 3. The performance of the proposed
method is empirically compared to that of major existing
methods for turning Naı̈ve Bayes cost-sensitive in Section 4.
A case study of using our proposed method in a direct
marketing scenario is presented in Section 5. The paper is
concluded with future research directions in Section 6.

2

RELATED WORK

Prior research related to this study can be broadly
categorized as distribution adjustment and threshold
adjustment methods for turning a classification method
cost-sensitive. Distribution adjustment methods alter prior
class probabilities in the training data according to given
costs of misclassifying an instance. Threshold adjustment
methods, on the other hand, use the as-is training data but
change the classification threshold to reflect given misclassification costs. In the following, we review major
methods in these two categories.
Breiman et al. [2, pp. 114-115] define altered prior class
probability as a function of its current probability and
misclassification costs such that instances with higher
misclassification cost are less likely to be misclassified.
Altering prior class probabilities is usually realized through
stratification, i.e., undersampling or oversampling, where
undersampling removes instances from the training data
while oversampling adds instances to the training data. In
particular, random undersampling randomly eliminates
instances in accordance with altered prior class probabilities; and intelligent undersampling selects certain instances
to remove. For example, one-sided selection [26], an
intelligent undersampling method, identifies borderline,
noisy, or redundant instances and then undersamples the
training data by removing these identified instances.
Similarly, random oversampling randomly duplicates instances according to altered prior class probabilities while
intelligent oversampling employs heuristics to add instances to the training data. For example, SMOTE [5], an
intelligent oversampling method, generates and adds
synthetic instances to the training data.
Altering prior class probabilities can also be achieved
through instance weighting. Specifically, instances in the
training data are weighted in proportion to the costs of
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misclassifying them, which implicitly changes prior class
probabilities in the training data. Ting [39] proposes an
instance weighting method for inducing cost-sensitive
decision trees. By assigning high weights to instances with
high misclassification costs, the proposed method influences
decision tree induction to focus on these instances, which inturn reduces the number of high-cost errors and the total
misclassification cost. The instance weighting schema
proposed in [39] is generic and applicable to the Naı̈ve
Bayes method. Gama [17] develops an iterative Naı̈ve Bayes
method, which iteratively updates class-attribute distributions learned by the Naı̈ve Bayes method with a predefined
increment. As a result, instance weights in the training data
are changed. By incorporating misclassification costs into the
increment, the method can be employed to turn the Naı̈ve
Bayes method cost-sensitive [17]. MetaCost [7] is another
distribution adjustment method. Different from the methods
just reviewed, MetaCost alters prior class probabilities in the
training data by relabeling instances rather than adding (or
removing) instances or weighting instances differently.
MetaCost assumes that, if instances in the training data were
relabeled to their optimal classes according to given
misclassification costs, an accuracy-maximization classification method applied to the modified training data could
produce an optimal cost-sensitive classifier [7]. Based on the
assumption, MetaCost computes the optimal class for each
instance in the training data and relabels the instance if its
current class is different from the computed optimal class.
Distribution adjustment methods have their own limitations. For example, oversampling increases the learning time
and the risk of overfitting whereas undersampling reduces
useful information for learning [7]. Ting [38] shows that
MetaCost is inferior to its internal classifier for turning a
classification method cost-sensitive and questions the effectiveness of the method. Moreover, simply altering prior class
probabilities in the training data have limited effect on
classifiers learned by the Naı̈ve Bayes method [10]. Therefore, distribution adjustment methods seem less promising
in turning the Naı̈ve Bayes method cost-sensitive than
threshold adjustment methods [10].
Prior studies have shown that threshold adjustment
methods are more effective in turning classification
methods cost-sensitive than stratification methods [33],
[46]. Threshold adjustment methods consider misclassification costs and move the classification threshold used by
an accuracy-maximization classification method to a costsensitive classification threshold. For example, Sheng and
Ling [36] develop a method that searches for the best
threshold minimizing the total misclassification cost in the
training data and uses the threshold to classify instances
in the test data. The method proposed by Zadrozny and
Elkan [43] considers instance-dependent misclassification
costs, instead of commonly used class-dependent misclassification costs. Margineantu [31] develops a method
to compute confidence estimates for classification probabilities and the method classifies instances based on
confidence estimates. Zhou and Liu [46] propose a
threshold adjustment method for training cost-sensitive
neural networks and show that the proposed method
outperforms stratification methods in terms of the misclassification cost and the number of high cost errors.
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TABLE 1
Feature Comparison: Our Method versus Prior Methods

3

3

INFERENCE-BASED NAÏVE BAYES

For two-class classification, let T be the training data of
classified instances, where each classified instance is described by a vector of its attributes X ¼ hX1 ; X2 ; . . . ; Xn i and
its class label Y 2 f0; 1g. For brevity, we refer to instance x as
an instance with attribute value vector x ¼ hx1 ; x2 ; . . . ; xn i;
i.e., Xl ¼ xl for l ¼ 1; 2; . . . ; n. Let C be the matrix of
misclassification costs, where its element Cði; jÞ denotes the
cost of classifying an instance as class i while the instance
actually belongs to class j, i; j 2 f0; 1g. Given T and C, the
objective is to learn a cost-sensitive classifier from T to
minimize the cost of misclassifying unclassified instances.
Let pðxÞ be the true classification probability of an
unclassified instance x belonging to class 1; that is,
pðxÞ ¼ P ðY ¼ 1jxÞ:

ð1Þ

By the Bayes decision rule [9], the expected misclassification cost ECðijxÞ of classifying instance x as class i 2 f0; 1g
is given by

While threshold adjustment is in general promising for
turning a classification method cost-sensitive, applying it to
the Naı̈ve Bayes method faces a fundamental challenge
discussed in Section 1: how to effectively classify an
instance based on the cost-sensitive threshold and the
highly biased estimations of its classification probabilities
by the Naı̈ve Bayes method. One possible solution is to
combine threshold adjustment with a modified Naı̈ve Bayes
method that can reduce probability estimation errors. In
this vein, a number of methods have been proposed to
reduce probability estimation errors by relaxing the Naı̈ve
Bayes’s conditional independence assumption to some
extent. Friedman et al. [15] propose the tree augmented
Naı̈ve Bayes method, which relaxes the assumption by
allowing one attribute to be dependent on at most one other
attribute (i.e., one-dependence). Similar to TAN, aggregating one-dependence estimators (AODE) enhances the Naı̈ve
Bayes method by allowing one-dependence and the method
aggregates the estimations of all possible one-dependences
[49], [50]. Webb et al. [51] extend AODE to AnDE, which
allows one attribute to be dependent on n  1 other
attributes. The hidden Naı̈ve Bayes method [25] is also a
one-dependence method, which allows one attribute to be
dependent on one hidden attribute that combines influences
from all other attributes. Relaxing the conditional independence assumption has also been achieved by weighting
attributes differently [52], [53] or by weighting instances in
the training data differently [16]. Rather than reducing
probability estimation errors, our method infers the order
relation between an instance’s true classification probability
of belonging to the class of interest and the cost-sensitive
threshold and classifies the instance based on the inferred
order relation. Next section discusses our method in details.
As the summary of this section, Table 1 compares between
our method and major prior methods along a set of key
features, including training data used, threshold used,
method for learning classification probability, and whether
to infer the order relation.

ECðijxÞ ¼ P ðY ¼ 0jxÞCði; 0Þ þ P ðY ¼ 1jxÞCði; 1Þ
¼ ð1  pðxÞÞCði; 0Þ þ pðxÞCði; 1Þ:

ð2Þ

It is optimal to classify instance x as class 1 if ECð1jxÞ 
ECð0jxÞ or class 0 otherwise [9], [10]. Solving the inequality
with (2), the optimal classification Y  for instance x is

1
if pðxÞ  p ;
ð3Þ
Y ¼
0
if pðxÞ < p ;
where the cost-sensitive threshold p is given by [10]
p ¼

Cð1; 0Þ  Cð0; 0Þ
:
Cð1; 0Þ  Cð1; 1Þ þ Cð0; 1Þ  Cð0; 0Þ

ð4Þ

Both equations (4) and (3) are derived under the
assumption that true classification probability pðxÞ is known
[10]. In reality, pðxÞ is generally unknown and it is
substituted with its estimation p^ðxÞ learned from the
training data T [14]. Noises in the training data as well as
limitations of learning methods might cause p^ðxÞ deviating
from pðxÞ. Such deviation (or estimation error) in turn could
cause the classification based on p^ðxÞ and the cost-sensitive
threshold p different from the optimal classification [14].
Applying the Naı̈ve Bayes method to the training data T ,
we can compute p^ðxÞ as following [32]:
Q
1 nl¼1 P^ðXl ¼ xl jY ¼ 1Þ
p^ðxÞ ¼ Qn
:
Q
0 l¼1 P^ðXl ¼ xl jY ¼ 0Þ þ 1 nl¼1 P^ðXl ¼ xl jY ¼ 1Þ
ð5Þ
In (5),i ¼ P^ðY ¼ iÞ; i 2 f0; 1g is the estimated prior
probability of class i, which can be calculated as the frequency
of class i instances in T [32]. P^ðXl ¼ xl jY ¼ iÞ represents the
estimated conditional probability of Xl ¼ xl given Y ¼ i. It is
computed as the frequency of attribute Xl taking value xl in
class i instances for discrete-valued Xl or by assuming a
Gaussian distribution for Xl for continuous-valued Xl [32]. In
the experiments reported in Section 4, we follow this
standard procedure to estimate P^ðXl ¼ xl jY ¼ iÞ.
It is well known that p^ðxÞ computed using the Naı̈ve
Bayes method is a highly biased estimation of pðxÞ [14],
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primarily due to the method’s unrealistic assumption that
Xl are conditionally independent given Y , l ¼ 1; 2; . . . ; n
[14]. Thus, a fundamental challenge for developing a costsensitive Naı̈ve Bayes method is how to effectively classify
an instance x based on p and highly biased p^ðxÞ estimated
by the Naı̈ve Bayes method. One possible solution is to
enhance the accuracy of p^ðxÞ, i.e., reducing probability
estimation errors. A number of methods have been
developed to reduce probability estimation errors of Naı̈ve
Bayes by relaxing the conditional independence assumption
to some extent [15], [16], [25], [41]. We may employ one of
these methods to produce more accurate estimation of pðxÞ,
which in turn is compared to p for cost-sensitive classification according to (3). However, reducing probability
estimation errors do not necessarily lead to better classification performance and often can make it worse because the
bias-variance decomposition determining probability estimation errors is different from that determining classification errors [14]. Moreover, by equation (3), optimal
classification of an instance depends on both its classification probability and the cost-sensitive threshold. Therefore,
solely reducing probability estimation errors is not adequate for effective classification.
Classifying an instance x using (3) does not require the
exact value of pðxÞ but the order relation (e.g., greater than
or equal to, less than) between pðxÞ and p . Hence, rather
than improving the accuracy of estimating pðxÞ, it could be
more effective for cost-sensitive classifications to infer the
order relation between pðxÞ and p from relevant order
relations learned with the training data such as that
between p^ðxÞ and p . We take this perspective to develop
a cost-sensitive Naı̈ve Bayes method and name it inferencebased Naı̈ve Bayes because it classifies instances based on
the inferred order relation between pðxÞ and p . Our method
employs the oversmoothing nature of the Naı̈ve Bayes
method [14]. According to this nature [14], the probability
p^ðxÞ estimated by the Naı̈ve Bayes method tends to be
shrunk toward the mean output value Y, where
N
1X
Yi ;
Y ¼
N i¼1
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holds in reality. It is therefore necessary to analyze
situations when Y ¼
6 p .
Lemma 1. Given Y > p ,
.
.

if p^ðxÞ  p , we have pðxÞ < p ;
if p^ðxÞ  Y, we have pðxÞ > p .

Proof. Let us first prove (a). By (6), p^ðxÞ  p means
ð1  ðxÞÞpðxÞ þ ðxÞY  p :
Given Y > p and ðxÞ > 0, we have
ð1  ðxÞÞpðxÞ þ ðxÞp < p :
Considering 0 < ðxÞ < 1, we have pðxÞ < p . We then
prove (b). By (6), p^ðxÞ  Y indicates
ð1  ðxÞÞpðxÞ þ ðxÞY  Y:
The above inequality implies pðxÞ  Y because
u
t
0 < ðxÞ < 1. Given Y > p , we have pðxÞ > p .
For the situation of Y > p , by Lemma 1 and (3), instance
x is labeled as class 0, if its Naı̈ve Bayes estimated
probability p^ðxÞ is less than or equal to the cost-sensitive
threshold p . On the other hand, if p^ðxÞ is greater than or
equal to Y, instance x is classified as class 1. However, for
an instance with p^ðxÞ falling between p and Y, its class
cannot be determined by applying Lemma 1 directly.
Lemma 2. Given Y < p ,
.
.

if p^ðxÞ  Y, we have pðxÞ < p ;
if p^ðxÞ  p , we have pðxÞ > p .

Proof. We first prove (a). By (6), p^ðxÞ  Y indicates
ð1  ðxÞÞpðxÞ þ ðxÞY  Y:
The above inequality implies pðxÞ  Y because
0 < ðxÞ < 1. Given Y < p , we have pðxÞ < p . We
prove (b) next. By (6), p^ðxÞ  p means
ð1  ðxÞÞpðxÞ þ ðxÞY  p :

N is the number of instances in the training data, and
Yi 2 f0; 1g is the class label of instance i in the training data.
And, p^ðxÞ can be modeled as [14]
p^ðxÞ ¼ ð1  ðxÞÞpðxÞ þ ðxÞY;
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ð6Þ

where ðxÞ denotes the oversmoothing coefficient, which is
instance dependent and 0 < ðxÞ < 1.1 By (6), if Y ¼ p ,
p^ðxÞ  p im p l i e s pðxÞ  p an d p^ðxÞ < p s u g g e s t s
pðxÞ < p . Hence, an instance can be effectively classified
by substituting pðxÞ in (3) with its Naı̈ve Bayes estimation
p^ðxÞ when Y ¼ p .2 However, this strong condition seldom
1. ðxÞ ¼ 0 means that p^ðxÞ is the perfect estimation of pðxÞ, which is
unlikely for the Naı̈ve Bayes method. Thus, ðxÞ ¼ 0 is not considered in
this study. On the other hand, p^ðxÞ is an estimation of pðxÞ, although highly
biased. Hence, ðxÞ ¼ 1 is not considered either.
2. When Y 6¼ p , to effectively classify an instance by simply substituting
p(x) in (3) with its Naı̈ve Bayes estimation, a seemingly viable way is to
adjust prior class probabilities in the training data. However, such way is
not practical because appropriate level of adjustment is unknown and
inappropriate adjustment could result in worse performance than no
adjustment [14].

Given Y < p and ðxÞ > 0, we have
ð1  ðxÞÞpðxÞ þ ðxÞp > p :
Hence, pðxÞ > p because 0 < ðxÞ < 1.

u
t

For the situation of Y < p , by Lemma 2 and (3), it is
effective to predict instance x as class 0, if its Naı̈ve Bayes
estimated p^ðxÞ probability is less than or equal to Y. If p^ðxÞ
is greater than or equal to the cost-sensitive threshold p , it
is effective to predict instance x as class 1. However, for an
instance with p^ðxÞ falling between Y and p , its class cannot
be determined by applying Lemma 2 directly.
Let U be the set of unclassified instances whose class
cannot be determined by directly applying Lemma 1 or 2.
Obviously, U consists of instances with p^ðxÞ falling between
Y and p . Their class labels need to be further learned with
appropriate training data. We construct training data for U
using nearest neighbors of each instance in U. Nearest
neighbors of an instance are highly informative for
classifying the instance. According to [4], half classification
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Fig. 1. The inference-based Naı̈ve Bayes algorithm.

information of an instance is contained in its nearest
neighbor. When identifying nearest neighbors, we follow
commonly applied procedures to calculate the distance
between instances. For example, the distance between
instances with continuous-valued attributes are measured
with the Euclidean distance, where the attributes are
standardized before applying the Euclidean distance function [20]; and the distance between instances with discretevalued attributes are gauged as the ratio of mismatched
attributes [20], [24].
For each instance in U, its k nearest neighbors are
k instances in the original training data with least distance to
it, k  1. The training data for U contain k nearest neighbors
of each instance in U. Once the training data for U are
constructed, we apply the Naı̈ve Bayes method to the data
to estimate probability p^ðxÞ for each instance in U as well as
Y and employ the Lemmas to classify the instance. It is
possible that there are still instances whose class cannot be
determined. We thus repeat the above described procedure
of constructing training data for these unclassified instances
and then classifying them using the Lemmas until there are
no unclassified instances left or there are remaining
instances, called hard instances, that can never be classified
using the Lemmas. Hard instances are finally classified
according to their probabilities p^ðxÞ estimated during the
last run of the procedure and (3) by substituting pðxÞ in (3)
with p^ðxÞ. Empirical results reported in Section 4.2 show
that few instances are left as hard instances.

Fig. 1 summarizes the inference-based Naı̈ve Bayes (INB)
algorithm. The inputs of the algorithm include the costsensitive threshold p , which is calculated from the cost
matrix C using (4), the set of unclassified instances L,
training data TL for classifying instances in L, where TL
equals T when INB is first invoked, and the number of
nearest neighbors k. The algorithm classifies instances
according to the Lemmas and calls itself recursively until
termination. The most computationally expensive component of INB is the procedure of constructing training data by
finding nearest neighbors, i.e., procedure NN() in Fig. 2. For
each instance in L whose class cannot be determined by
applying Lemma 1 or 2, it is necessary to find its nearest
neighbors. Hence, the more instances in L left undetermined
after applying the Lemmas the more time is required to run
INB. INB could be adapted to run in an online fashion, i.e.,
unclassified instances in L being presented to INB one-byone. In this case, a presented instance is first attempted to be
classified by the Lemmas. If its class label cannot be
determined by the Lemmas, training data are constructed
for the instance. Using the newly constructed training data,
the instance’s label is determined either by the Lemmas or by
(3) (i.e., hard instance). One potential advantage of running
INB in an online fashion is that the true label of the presented
instance could be observed after its classification and the
instance with its true label could be added to the original
training data to classify the rest instances in L.
Choice of k is important to the performance of the
proposed algorithm. A common approach to choosing k is
to evaluate various k values by applying leave-one-out
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TABLE 2
Experimental Data Sets

Fig. 2. Procedure NN().3

cross validation to the training data [18], [22]. In particular,
for a k value, each instance in the training data is classified
by its k nearest neighbors in the data; and the chosen
k value is the best one according to some evaluation
criteria such as misclassification rate [18], [22]. Another
more direct and effective approach to finding k is to run
INB using cross validation for different k values and selects
k value with the lowest misclassification cost. Conceivably,
such approaches are highly time consuming for large size
training data. Unfortunately, it is quite common to have
large size training data in real-world classification tasks.
Hall et al. [19] discover a theoretical property characterizing optimal k. For two sample data sets from the same
distribution, T1 and T2 , T1 on average has u class 0 instances
and v class 1 instances; T2 on average has ru class 0
instances and rv class 1 instances, r > 0. Let the optimal
number of nearest neighbors for T1 and T2 are k1 and k2 ,
respectively. According to the property [19], one has3
k1
¼ r4=ðnþ4Þ ;
k2

ð7Þ

where n is the number of attributes describing an instance.
The theoretical property depicted in (7) reveals the relationship between optimal k for two data sets of different sizes,
assuming that the number of class 0 instances and the
number of class 1 instances in each data set follow Poisson
distribution, respectively [19]. Utilizing the property, we
can develop a simple heuristic to find k: creating a small
sample from a large size training data set, finding the
optimal number of nearest neighbors for the sample using
cross validation (which is not computational expensive
because of its small size), and calculating the number of
nearest neighbors for the training data set with (7).
Specifically, we construct several equally sized small
samples from the training data T , where the numbers of
class 0 and class 1 instances in a sample are z times of their
original numbers in T and 0 < z < 1. For each sample, its
optimal number ks of nearest neighbors is found through
3. For implementation, nearest neighbors identified over the initial run of
procedure NN() may be stored, which saves the computation time
of reidentifying these nearest neighbors during the following runs of
procedure NN().

þ

c—all continuous-valued attributes; d—all discrete-valued attributes;
m—mixed.

cross validation. Let ks be the average optimal number of
nearest neighbors across samples. By (7), k for the training
data T can be approximated as ks  z4=ðnþ4Þ .

4

EXPERIMENTAL STUDY

We conducted experiments to empirically evaluate the
performance of the inference-based Naı̈ve Bayes method.
This section describes the experimental setup and reports
the experimental results.

4.1 Experimental Setup
The experiments employed 23 binary-class data sets from
the UCI machine learning repository [12]. These data sets,
as described in Table 2, represent a broad range in size
and dimensionality. We benchmarked the inference-based
Naı̈ve Bayes method against 11 methods, including major
methods for transforming Naı̈ve Bayes cost-sensitive and
the standard Naı̈ve Bayes method as a baseline. Four of the
benchmark methods are stratification methods: random
undersampling, random oversampling, one-sided selection
[26], and SMOTE [5], which have been popularly employed
as benchmarks for evaluating the performance of costsensitive classification methods, e.g., [7], [8], [46]. When
implementing stratification methods, we followed the
guideline by Breiman et al. [2] to change prior class
probabilities. Let P ðjÞ be the prior probability of class j 2
0; 1 in the training data. In consideration of misclassification
costs, the altered prior probability P 0 ðjÞ of class j is given by
[2, pp. 114-115]
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CðjÞP ðjÞ
;
P 0 ðjÞ ¼ P
j CðjÞP ðjÞ

ð8Þ

7

TABLE 3
Methods Compared in the Experiments

where
CðjÞ ¼

X

Cði; jÞ; i 2 0; 1:

ð9Þ

i

Another benchmark method is instance weighting.
Following the weighting schema in [39], the weight wðjÞ
of a class j 2 f0; 1g instance is calculated as
CðjÞN
wðjÞ ¼ P
;
i CðiÞNi

ð10Þ

where N and Ni denote the total number of instances and
the number of class i 2 f0; 1g instances in the training data
respectively, and CðjÞ is given in (9). We also compared
our proposed method with MetaCost [7] and MetaCost_NBC, which differs from MetaCost only in that
MetaCost_NBC employs the Naı̈ve Bayes committee
(NBC) procedure [45] while MetaCost uses Bagging. In
our experiments, MetaCost was implemented by following
the parameter settings suggested in [7], with Naı̈ve Bayes
as the classification method.
In addition to distribution adjustment methods, we
compared our proposed method to threshold adjustment
methods as well. One benchmark method is the standard
threshold adjustment method [10]. It computes the costsensitive threshold using (4) and classifies instances using
(3) with pðxÞ substituted with its Naı̈ve Bayes estimation. As
discussed in Section 3, a number of methods have been
proposed to enhance the accuracy of estimating pðxÞ by
Naı̈ve Bayes. Hence, an interesting benchmark method is
the combination of threshold adjustment and accuracy
enhancement. Specifically, more accurate estimation of pðxÞ
produced by an accuracy enhancement method is plugged
into (3) for cost-sensitive classification. The accuracy
enhancement methods used in our experiments are the
locally weighted Naı̈ve Bayes method [16] and the hidden
Naı̈ve Bayes method [25], the performance of which has
been shown favorable or comparable to other representative
accuracy enhancement methods [16], [25]. The last benchmark method is the standard Naı̈ve Bayes method [32]. This
benchmark method also serves as a baseline and a costsensitive method is expected to outperform the baseline in
terms of the misclassification cost. Table 3 lists the methods
compared in the experiments. In the remainder of the
paper, we refer to these methods using their abbreviations.
We adopted two different cost models to produce
different types of cost matrices for our experiments. Cost
model 1 randomly generates costs for a cost matrix. Cost
model 2 emulates a situation frequently encountered in real
world and it purposely sets the cost of misclassifying a
minority instance (i.e., an instance belonging to a less
frequent class) higher than that of misclassifying a majority
instance (i.e., an instance belonging to a more frequent
class). Taking direct marketing as an example, the cost of
misclassifying a potential buyer (i.e., a minority instance) as
a nonbuyer is normally higher than that of misclassifying a
nonbuyer (i.e., a majority instance) as a potential buyer. In
our experiments, cost model 1 set Cði; jÞ to be 0 if i ¼ j and
randomly chose a real number from interval (0,10) for

Cði; jÞ if i 6¼ j. Under cost model 2, Cði; jÞ was also set to be
0 if i ¼ j. Similarly, a real number h was chosen from
interval (0,10) for Cði; jÞ if i 6¼ j and j was the majority class.
However, Cði; jÞ was set to be gh if i 6¼ j and j was the
minority class, where g was randomly generated from
interval (1,10).

4.2 Experimental Results and Analysis
We conducted experiments with the methods summarized in Table 3 using the data sets listed in Table 2 and
cost matrices generated according to the cost models. An
experimental run consisted of the following steps. First, a
cost matrix was generated according to one of the cost
models. A data set was next divided into two parts, by
randomly selecting 2/3 of its instances as the training
data and the remaining instances as the test data. Each of
the methods was then applied to the training data to
produce a classifier, which in turn, classified instances in
the test data. For each method, its cost of misclassifying
instances in the test data was calculated according to the
initially generated cost matrix. Finally, the methods were
ranked according to their misclassification costs. We
followed the ranking schema described in [47] to rank
the methods. Specifically, the method incurring the least
misclassification cost was assigned rank 1 and the method
incurring the second least misclassification cost was
assigned rank 2 and so on. For methods incurring the
same misclassification cost, average ranks were assigned.
The above described experimental run was conducted 100
times for every data set under each cost model. Tables 4
and 5 report average ranks over 100 experimental runs
for each method with every data set, under cost models 1
and 2, respectively. Interestingly, WGT and THR incur
exactly the same cost across all data sets under both cost
models.4 This phenomenon is rigorously explained in the
online Appendix, which can be found on the Computer
Society Digital Library at http://doi. ieeecomputersociety.
org/10.1109/TKDE.2012.196. During each experimental
4. This phenomenon is also observed in [44].
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TABLE 4
Average Rank by Misclassification Cost (Cost Model 1)

run, we also recorded for our proposed method: the
number of hard instances, the number of recursive calls
of itself, and the running time. Under both cost models
and across all data sets, on average 1 percent of the test
instances are left as hard instances, the average number
of recursive calls is 1.7, and the average running time is

5.9 sec on a machine with 1.7 GHz processor and 6 GB
RAM. Parameter k of INB was estimated using the
heuristic described in Section 3. The average k value for a
data set (averaged across 100 experimental runs and both
cost models) ranges from 1.20 to 38.93.

TABLE 5
Average Rank by Misclassification Cost (Cost Model 2)
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Fig. 3. Ratio of the cost of misclassifying instances with Naı̈ve Bayes estimated probability between p and Y by INB to that by THR.

A suitable statistical test to analyze our experimental
results is the Friedman test with the corresponding
Bonferroni-Dunn post-hoc test because our experiments
involve more than two classification methods over multiple
data sets [47]. The Friedman test with the corresponding
Bonferroni-Dunn post-hoc test consists of two tests: the
main Friedman test and the post-hoc Bonferroni-Dunn test
[47]. The main Friedman test reveals whether there is
performance difference among all classification methods
including the proposed one and the benchmark methods
[47]. If there is difference according to the main test, the
Bonferroni-Dunn test further suggests whether the proposed method outperforms each of the benchmark methods
[47]. We applied the statistical test to average ranks in
Tables 4 and 5. The main Friedman test suggests that there
is performance difference among the methods at 95 percent
significance level under both cost models; and the
Bonferroni-Dunn test further suggests that the proposed
method outperforms each of the benchmark methods at
95 percent significance level under both cost models, except
that the proposed method outperforms ROS at 90 percent
significance level under cost model 2. Statistical testing
results reveal the superiority of the proposed method over
the benchmark methods, which is analyzed next. Since THR
and WGT produce the same classification, we focus on
analyzing the performance comparison between INB and
one of the two methods—THR. The superiority of INB over
THR is primarily attributed to the following factor.
According to Lemmas 1 and 2, instances with Naı̈ve Bayes
estimated probability falling between p and Y need to be
carefully classified rather than being arbitrarily classified all
as class 1 or all as class 0 by THR. In aware of this, INB
constructs appropriate training data to classify these
instances iteratively. As a result, INB incurs less cost of
misclassifying instances with Naı̈ve Bayes estimated probability falling between p and Y than THR, which in turn

leads to the superior performance of INB over THR.
According to our experimental results, compared to THR,
INB reduces the cost of misclassifying instances with Naı̈ve
Bayes estimated probability falling between p and Y by
42 percent under cost model 1 and by 41 percent under cost
model 2, averaged over all data sets. Taking several data
sets as examples, Fig. 3 plots the ratio of the cost of
misclassifying instances with Naı̈ve Bayes estimated probability falling between p and Y by INB to that by THR
across 100 experimental runs. As shown in the figure, the
cost incurred by INB is clearly lower that by THR, i.e., most
cost ratios below 1.
We analyze stratification methods next. Elkan [10] shows
that changing prior class probabilities in the training data
has limited effect on the Naı̈ve Bayes method and suggests
threshold adjustment (e.g., THR) a more effective way of
transforming Naı̈ve Bayes cost-sensitive than stratification.
Since INB is superior to THR, INB also outperforms
stratification methods. Benchmark methods t-LWNB and tHNB employ the locally weighted Naı̈ve Bayes (LWNB)
method [16] and the hidden Naı̈ve Bayes method (HNB)
[25], respectively, which generally produce more accurate
estimation of pðxÞ than standard Naı̈ve Bayes [16], [25]. tLWNB and t-HNB aim at achieving better classification
performance through more accurate probability estimation.
However, the bias-variance decomposition determining
probability estimation errors is different from that determining classification errors [14]. As a result, enhanced probability estimation does not necessarily lead to improved
classification performance and oftentimes degrades the
performance [14]. For example, compared to THR, t-LWNB
increases the cost of misclassifying instances with Naı̈ve
Bayes estimated probability falling between p and Y by
8.4 percent under cost model 1 and by 12.7 percent under
cost model 2, averaged over all data sets. In aware of that
improving classification performance through enhanced
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probability estimation may be misguided [14], our proposed
method (INB) relies on inferring the order relation between
pðxÞ and p , which has a direct impact on classification
decisions according to (3), rather than improving the
accuracy of probability estimation. Thus, INB outperforms
t-LWNB and t-HNB according to our experimental results.
We finally study MetaCost. Evaluating the performance
of MetaCost on transforming Naı̈ve Bayes cost-sensitive is
identified as an important future research topic by the
inventor of MetaCost [7]. Our experimental results show
that MetaCost is among the worst performing benchmark
methods. The underperformance of MetaCost on turning
Naı̈ve Bayes cost-sensitive has been explained from two
different standpoints. Domingos [7] predicts the ineffectiveness of MetaCost on turning Naı̈ve Bayes cost-sensitive,
attributes the ineffectiveness to the Bagging procedure [3]
employed by MetaCost, and recommends a remedy of
replacing the Bagging procedure with the NBC procedure
[45]. Ting [38] argues with strong empirical evidences that
MetaCost is not an effective cost-sensitive method. Hence,
replacing Bagging with NBC may not rescue MetaCost for
turning Naı̈ve Bayes cost-sensitive. According to our
experimental results, MetaCost_NBC still lags behind most
other benchmark methods and INB. Overall, our experimental results suggest that neither MetaCost nor MetaCost_
NBC is effective in turning Naı̈ve Bayes cost-sensitive.

5

A CASE STUDY

We study the performance of the proposed method using a
real world direct marketing application at an online retailer.
The online retailer regularly mails catalogs to its current
customers (i.e., those who purchased from the retailer
before), with the hope that some of them will repurchase
from the retailer in the future. For each of its current
customers, the retailer must decide whether or not to mail
him or her a catalog. To study the performance of the
proposed method, we phrase the decision problem as a
cost-sensitive classification problem. In particular, a customer is classified as a purchaser or a nonpurchaser by a
classification method and catalogs are only mailed to
classified purchasers. The cost of misclassifying a nonpurchaser as a purchaser is set as $0.78, which is the fee of
mailing and printing a catalog according to domain experts
working at the retailer. On the other hand, the cost of
misclassifying a purchaser (i.e., those who would purchase
if receiving a catalog) as a nonpurchaser is the loss of the
profit that could be generated from the purchaser. According to domain experts, the cost of misclassifying a purchaser
as a nonpurchaser is set as $12.07, which is the average
profit generated from a purchase.
We analyzed shopping behaviors of 18,578 customers at
the retailer and constructed a data set of these customers. For
each customer, data describing his or her shopping behavior
until the end of June 2011 were extracted from the online
retailer’s database. A customer was labeled as a purchaser if
he or she repurchased in June 2011 whereas a customer was
labeled as a nonpurchaser otherwise. Among the 18,578 customers, 1,376 customers repurchased in June 2011, yielding a
repurchase rate of 7.4 percent. A customer’s shopping
history until the end of May 2011 was used to predict his
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TABLE 6
Customer Attributes

or her repurchase in June 2011. We followed the RFM
(recency, frequency, monetary) method to compute measures from a customer’s shopping history data. The RFM
method is widely used to analyze a customer’s shopping
history [48], which generally reveals how recently, how
often, and how much a customer purchased. In consultation
with domain experts, we compute from shopping history
data (until the end of May 2011) the following RFM
measures: time elapsed since the last purchase, time elapsed
since the last visit to the retailer’s Web site, time elapsed
since the customer’s registration, frequency of purchase,
frequency of visiting the retailer’s site, total amount of
purchase, number of coupons used, and number of
campaigns participated. In addition to the RFM measures,
domain experts helped us identify the following attributes
that could be useful in predicting a customer’s repurchase:
gender, age, time elapsed since the last product return,
frequency of product return, total refund amount, and total
return fee paid. In sum, we collected a data set of
18,578 records, each of which described a customer with
the attributes summarized in Table 6.
Using the customer data set, we conducted experiments
to compare our proposed method and the benchmark
methods listed in Table 3. In an experiment, the data set was
randomly divided into two equally sized parts: one part as
the training data and the other as the test data. Each of the
methods was then applied to the training data to produce a
classifier, which in turn, classified customers in the test data
as purchaser or nonpurchaser. The misclassification cost of
each method was finally calculated according to the costs
given at the start of the case study. The above described
experimental procedure was repeated for 10 times. We
apply the Friedman test with the corresponding BonferroniDunn post-hoc test [47] to misclassification costs collected
in the experiments. The test results reveal that our proposed
method outperforms each of the benchmark methods at
95 percent significance level. Table 7 lists, for each method,
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TABLE 7
Average and Standard Deviation of Misclassification Costs for a
Direct Marketing Application: INB versus Benchmark Methods

11

the exact value of the misclassification cost Cði; jÞ is
unknown. For example, one may only know that Cði; jÞ
is bounded within an interval [29]. Toward that end, recent
work [29] on learning with cost intervals and cost
distributions provides useful directions. Finally, our preliminary experimental study shows that INB significantly
outperforms NB under the 0/1 loss function.5 Future work
should analyze and leverage the advantage of INB over NB
in this noncost-sensitive scenario.
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In this Appendix, we first show in Lemma A1 a general
condition under which instance weighting produces the
same cost-sensitive classification as threshold adjustment.
Lemma A1. For binary classification using Naïve Bayes,
instance weighting produces the same cost-sensitive
classification as threshold adjustment if the following
condition is satisfied by instance weighting:

w(1) C (0,1) − C (1,1)
=
,
w(0) C (1,0) − C (0,0)
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where w(1) and w(0) denote the weight of class 1 instance
and that of class 0 instance respectively.
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Solving the above equation for
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By
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weighting,
classification of instance x is expressed as
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cost-sensitive

of class i ∈ {0,1} estimated from the training data and the
instance-weighted training data respectively, where the
instance-weighted training data refer to the training data
with its instances weighted. We have

~
P (Y = 1) w(1) Pˆ (Y = 1)
=
.
(A2)
~
P (Y = 0) w(0) Pˆ (Y = 0)
Let pˆ ( x ) and ~
p ( x ) be the probability of an unclassified

instance x belonging to class 1 estimated from the training
data and the instance-weighted training data respectively
by the Naïve Bayes method. Conceivably, 1 − pˆ ( x ) and

1− ~
p ( x ) are the probability of an unclassified instance x
belonging to class 0 estimated from the training data and
the instance-weighted training data respectively. By (5),
we have

~
P (Y = 1)

n

~
P ( X l = xl | Y = 1)
~
p ( x)
l =1
=
,
n
1− ~
p ( x) ~
~
P (Y = 0)
P ( X l = xl | Y = 0)

∏

(A3)

∏
l =1

where

~
P ( X l = xl | Y = i )

denotes

the

conditional

probability of Xl = xl given Y=i, estimated from the
instance-weighted training data. Instance weighting does
not change attribute distribution within each class. Hence,

~
P ( X l = xl | Y = i) = Pˆ ( X l = xl | Y = i ) ,
(A4)
where Pˆ ( X l = xl | Y = i ) is the conditional probability of
Xl = xl given Y=i, estimated from the training data. By (A2)
and (A3), we have,

if ~
p ( x) ≥ 1 / 2,
1
Y =
(A6)
~
if p ( x) < 1 / 2.
0
Substituting ~
p ( x ) in (A6) with (A5), the above instance
weighting classification can be rewritten as


1

Y =
0


w(0)
,
w(1) + w(0)
w (0 )
if pˆ ( x) <
.
w(1) + w(0)
if pˆ ( x) ≥

(A7)

If condition (A1) is satisfied, instance weighting
classification expressed in (A7) becomes
C (1,0) − C (0,0)

if pˆ ( x) ≥
,
1
C (1,0) − C (1,1) + C (0,1) − C (0,0)

Y =
(A8)
C (1,0) − C (0,0)
0
ˆ
if p ( x) <
.

C (1,0) − C (1,1) + C (0,1) − C (0,0)
By comparing (A8) and (3), (4), it is easy to show that, if
condition (A1) is satisfied, instance weighting produces
the same cost-sensitive classification as threshold
adjustment, where threshold adjustment substitutes p(x)
in (3) with its Naïve Bayes estimation pˆ ( x ) .
For the instance weighting method compared in the
experiments, WGT, we have

w(1) C (0,1) + C (1,1)
=
.
w(0) C (1,0) + C (0,0)

by (10) and (9)

Given C(1,1) = 0 and C(0,0) = 0 in our experiments,
condition (A1) is satisfied by WGT. By Lemma A1, WGT
produces the same cost-sensitive classification as THR
and consequently incurs the same misclassification cost as
THR.

